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ON STABLE SOLUTIONS 

OF BOUNDARY REACTION-DIFFUSION EQUATIONS 
AND APPLICATIONS TO NONLOCAL PROBLEMS 
WITH NEUMANN DATA 

SERENA DIPIERRO, NICOLA SOAVE, AND ENRICO VALDINOCI 


Abstract. We study reaction-diffusion equations in cylinders with possibly 
nonlinear diffusion and possibly nonlinear Neumann boundary conditions. We 
provide a geometric Poincare-type inequality and classification results for sta¬ 
ble solutions, and we apply them to the study of an associated nonlocal prob¬ 
lem. We also establish a counterexample in the corresponding framework for 
the fractional Laplacian. 
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1. Introduction 

1.1. Boundary reactions and stable solutions. In this paper we study reaction- 
diffusion equations, i.e. mathematical models in which the diffusion process is in 
balance with a nonlinear reaction. The diffusion is modeled by a (possibly nonlin¬ 
ear) operator of elliptic type, and the reaction may occur on the domain as well as 
on the boundary, via a Neumann condition. A typical example of reaction-diffusion 
model is given by the Peierls-Nabarro model for atom dislocations in crystals, in 
which the elastic force acting on the dislocation function is balanced through a 
potential acting on the slip plane and thus producing a boundary reaction (see 
e.g. or Section 2 of [5] for a physical derivation of such model). 

Other models which naturally produce reaction-diffusion equations concern the 
distribution of chemical substances, such as in the case of the so called Fisher-KPP 
equation (see [13] and [18]). 

The domain that we will consider in this paper is a cylinder that is infinite in 
one direction, namely the Cartesian product of a smooth domain and (0,-boo). 
Homogeneous Neumann conditions are prescribed along the lateral boundary dfl x 
{y}, for any y > 0, and possibly nonhomogeneous and weighted Neumann data 
are given on the bottom of the domain H x {0}. The interest for this Neumann 
type conditions in cylinder is also related to the representation of the powers of the 
Laplacian in the spectral sense, see mmm- 

The main problem we address here is the classification of stable solutions, i.e. 
solutions of the equation which correspond to a nonnegative second variation of 
the associated energy functional (notice that, in particular, minimal solutions fall 
into this category). The classification of stable solutions of elliptic equations with 
homogeneous Neumann data goes back at least to the celebrated results in [7], 
which show that the only stable solutions of semilinear equations in a domain 
with homogeneous Neumann conditions are the constants, under suitable convexity 
assumptions either on the domain or on the nonlinearity. 

Our main results concern the extension of these type of classifications for reaction- 
diffusion equations on cylindrical domains with reactive boundary conditions (in 
this circumstances, as we will see, the stable solutions are not necessarily constant, 
but will depend only on the “vertical” variable). 

Related, but rather different in spirit, classification results for reaction-diffusions 
in low-dimensional halfspaces have been obtained in [elElllMliaEJEslll] (in this 
case, the stable solutions only depend on one “horizontal” variable). 

Also, we will provide a geometric Poincare-type formula, which can be seen as 
the counterpart of an inequality obtained in [28] for elliptic equations. 

Since the results obtained are related to fractional equations, we will firstly apply 
our main results to a Neumann boundary value problem for the spectral Neumann 
Laplacian. Afterwards, we provide a counterexample that prevents classihcation in 
a related, but different, nonlocal setting. 
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Now we introduce the model under consideration in further details and give 
precise statements of the results obtained. 

1.2. The mathematical setting. The problem under investigation in this paper 
is the following: 

{ div(a(i/, I Vm|)Vw) = g{y, u) in x (0, +oo) =: C, 
duU = 0 on cin X (0, +oo) =: 9^6, 

— a(y, \Vu\)dyU = f{u) on x {0} =: i9bC. 

Here and in the rest of the paper, the set H C K." is a bounded and sufficiently 
regular (say of class domain. As for the forcing terms g and /, we suppose 

that g is continuous with respect to the first variable and locally Lipschitz with 
respect to the second variable, and that / S for some a S (0,1) (we 

remark that / locally Lipschitz would be sufficient for most of the result in the 
paper, with the exception of Theorems 11.51 and 11.61) . 

The variables in the cylinder C are denoted by x S H C M", and y S (0,+oo). 
In some cases, we will use the notation X := {x,y) £ C. 

Moreover, in the whole of the paper we will assume the following structural 
conditions on the function a: we assume that 

a £ (^((O, +oo) X [0, +oo)) n ((0, +oo) x (0, +oo)). 


that 

(1.2) a{y,t) > 0 and a{y,t) + tat{y,t) > 0 
for any y > 0 and t ^ 0, that there exists C > 0 such that 

(1.3) t\at{y,t)\ Ca{y,t) 
for any y > 0 and t ^ 0, and that 

(1.4) limtat{y,t) = 0 
for any y > 0. 

Here and in what follows the subscript t stays for the derivative of a with respect 
to the second variable. From the analytical point of view, condition may be 
seen as a rather general form of ellipticity (this will be detailed in Lemma 12.3|) . 
Some examples of a(y, t) that we take into account are 

a-{y, t) = y’’, with d £ (-1,1), 
a(y, t) = y'^(l + with d £ (—1,1) and p > 1, 

a{y, t) = , with d £ (—1, 1) and |Vm| £ L°°{Q). 

Vl + 

In particular, our assumptions comprise the quasilinear equations of p-Laplace type 
and mean curvature type, possibly weighted by Muckenhoupt weights. The case 
a(y,t) = y'^ naturally arises in some extension problems for the spectral fractional 
Laplacian with Neumann boundary condition, see |191129] . 
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We now clarify the type of solutions that we are going to consider. We always 
suppose that 

(1.5) 

MeC7(e)nc2(fix (o,+(x))), 

Dlu G X {0}), 

d^u{x, y) = 0 for all {x, y) G dfl x [0, +oo), and for all i? > 0 

a{y, |Vu|) (|Vu|' + \Dluf + \V,Uyf + \Dluf + \Dluyf) G L\n x (0,i?)), 

where p = (p, 0) G K." x M and p denotes the outer unit vector field on dH,. 

Here and in the rest of the paper, the notation Va, stands for the gradient only 
in the x variable (in particular, Va;U is an n-dimensional vector field). The second 
condition in is intended in the sense that WxU and D^u have a trace on 
H X {0}. Notice also that the second and the third conditions in (11.51) do not require 
u to be of class near dfl x {0}, since only the derivatives of u with respect to 
X are taken into account. We shall see that the previous assumptions are naturally 
satisfied when (EH) is seen as extension of a nonlocal boundary value problem. 
Moreover, they can be directly checked in many concrete cases using the classical 
regularity theory for elliptic equation (up to the boundary), for which we refer to 

mm- 

Concerning the last equation in EH, under reasonable assumptions on a, g and 
/ it can be interpreted in the classical case as 

(1.6) \im f{u{x,y)) + a(y,\'S/u{x,y)\) dyu{x,y) = 0 for any a; G H. 
y-s-o 


In general we will not need such a regularity. On the contrary, we call solution of 
EH any function u satisfying EH and such that EH holds in the following weak 
sense: 

(1.7) [ a{y,\\7u\)\7u-Vif+ [ g{y,u)g}= [ f{u)g} 

Je Je JobG 


for any (p G A, where 
( 1 . 8 ) 

M := jy. G (6) 


ip has bounded support in y, a{y, |Vu|) |V(/7p G T^(C) 
and (/5|nx{o} e 


It is clear that any classical solution is also a weak one, in the sense specified above. 
Let us consider now the symmetric matrix 


(1.9) 


■= a(y, 


for alH, j = 1,..., n + 1, 


where t] = {gi ,..., gn+i), and we mean that the latter term is zero if g is zero. 

The matrix 2? plays a role in the linearized equation (in a sense that will be 
clarified in Lemma HH. 

We write that u is a stable solution of EH if it is a solution (in the sense of EH) 
and if 

(1.10) I{p) := f p{y,Vu)Vp,Vp) + [ gu{y,up - [ /'(u)(^2 q 

JG JG JObG 


for any p G A. 
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Having introduced the main definitions and notation, we are in position to 
present our main results, which are: a geometric Poincare-type formula, the clas¬ 
sification of stable solutions when H is convex, the classification of bounded stable 
solutions in case of convex/concave boundary reaction /, and the application of 
these results to nonlocal problems in il related to the spectral Neumann Lapla- 
cian. Finally, we also present a counterexample for the fractional Laplacian with 
point-wise Neumann boundary condition. 


1.3. A Poincare-type formula. The first result that we present is a weighted 
Poincare-type inequality. A weighted L^(C)-norm of any test function will be 
bounded by a weighted L^(C)-norm of its gradient. The weights are non-negative 
and possess a neat geometric interpretation. This type of Poincare-type formulas 
are indeed an extension of a celebrated result obtained in [28] for classical elliptic 
equations. The precise statement in our framework is the following: 

Theorem 1.1. Let u be a stable solution of (HU. Then, for any tjj S (7^(6) with 
bounded support in y and such that G 71 for any j = 1,... ,n, we have 


( 1 . 11 ) 


Vm) VUajj, VWa;,-) - (®(j/, Vu)V|Va;U|, V|Va;U|) 


1=1 




idLe 


a{y, |Vn|) (Vn • a,(Vn)) < / (®(y, Vu)VV', Vfj) |V,n|2. 


We remark that the weights in (11.111) have a simple, concrete interpretation 
in terms of the level sets of the solution u. As a matter of fact, fixed y > 0, 
if {x,y) € {u = c}n{Va;U ^ 0}, then the c-level set of u{-,y) in the vicinity of {x,y) 
is a smooth (n— l)-dimensional manifold in H x {y}, and we can therefore consider 
the tangential gradient along §y and the principal curvatures ki, ..., Hn-i- In 
this way, one can consider the norm of the second fundamental form, i.e. 


n—1 



and bound the weight on the left hand side of (11.111) in terms of these quantities. 

More explicitly (see formula (1-20) in [H]), one has that on C D {Va,?/ ^ 0} it 
results 

n 

'^{‘B{y,\7u) yuxj,Vuj;.) - {'B{y,Vu)V\Vj;u\, V|Va;u|) 

1=1 

where 

n 

1=1 
n 

3Cjj := ^(Vu • ■ V|Va;lt|)^. 

1=1 


and 
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Since = 0 = V|Va;u| for almost every point in {VxU = 0}, this type of 

inequalities has also a deep relevance for rigidity and symmetry results, as pointed 
out by see also 

1.4. Classification of stable solutions in convex domains. One of the main 
goal of this paper is to classify stable solutions of (HU under suitable assumptions 
either on the domain or on the nonlinearities. In this spirit, the first result that we 
present concerns classification in convex domains. 

Theorem 1.2. Let n ^ 2, LI G M" be convex, with strictly positive principal 
curvatures along dLl. 

Let u be a stable solution of (HU satisfying the energy bound, for any R 1, 

( 1 . 12 ) [ aiy,\Vu\)\Vxu\^ ^CR^, 

JQx{0,R) 

for some constant C > 0 independent of R. 

Then u depends only on y. 

We remark that assumption (11.121) is satisfied, for instance, if a grows in y 
at infinity as y'^ (with d G (~1,1)) and |Va,it| has growth bounded by ; in 
particular, unbounded solutions may be also taken into account. 

We also stress that, in general (and differently from the setting in [7]), it is not 
possible to deduce, in the setting of Theorem 11.21 that the solution u is constant 
(as a counterexample, one may consider the case in which u := y, a := 1, / := —1, 
g := 0; clearly, u is stable being a harmonic function). 

We think it is an interesting problem to detect the maximal generality under 
which this type of results holds true. To this aim, we observe that it is possible to 
obtain the same result removing the assumption of strict positivity of the curvature 
of the domain, but adding an integrability condition, as stated in the following 
result: 

Theorem 1.3. Let Q C M” be convex, and let u be a stable solution of (HU: 
satisfying the integrability assumption 

(1.13) a{y, |Vu|) (|Vu|2 + \Dlu\^ + + |ff„(y,n)| G L\Q). 

Then u depends only on y. 

We observe that the stability condition in Theorem 11.31 cannot be dropped. As 
an example, one can consider the domain Ll := (0, 27 r) C K and the function u : 
ft X [0, +oo) given by u{x, y) := e“*' cosx. Then, we see that w is a solution of (11.11) 
with a := 1, g := 0 and f{u) := w, also, it satisfies (I1.13L but it is not a function 
only of y (comparing with Theorem 11.31 we have that u is not stable, and the 
stability assumption cannot be removed). 

Moreover, we observe that assumption (11.131) in Theorem HU cannot be dropped. 
As an example, one can consider the domain ft := (0, 27 r) C M and the function u : 
ft X [0, +oo) given by u{x, y) := e^ cos a;. Then, we see that rt is a solution of (11.11) 
with a := 1, g := 0 and f{u) := —rt; therefore, f = —1 and so u is stable (but it 
does not satisfy (11.131) . and it does not depend only on y, showing that Theorem ll.3l 
is optimal in this sense). 
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It is also worth to observe that (11.1311 can be considerably weakened when a{y, t) 
is independent of t and 5 = 0. This case is particularly interesting, as we will 
discuss in the forthcoming Section 11.61 

In the case of classical elliptic equations, a classification of stable solutions in 
convex domains with homogeneous Neumann boundary data was given in [7]. In¬ 
deed, our Theorems HH] and [O] may be seen as the extension of Theorem 2 of [7] 
to the case of boundary reaction-diffusion equations. 

In many concrete cases, once one knows that the solution only depends on y (as 
given for instance by Theorem 1 1.3L then (11.11) simplifies and can be often explicitly 
integrated. For instance, if u = u{y) and a = a{y) only depend on 1 /, and g vanishes 
identically, then (nm reduces to an ordinary differential equation which provides 
the family of solutions 

(1-14) u{y) = c-f{c) j 

Jo a(C) 

for c G R. We also remark that in the model case in which a{y) = y’’, with d € 
(—1,1), the functions u of the form (11.141) that satisfy aUy G T^(C) are the con¬ 
stants (see also Lemma 4.10 in [12] for classification results of ordinary differential 
equations). 

Moreover, we stress that, in general, stable solutions of (HH) are not necessarily 
constant. As an example, one can consider u{x,y) := e“^, a{y,t) := e^, / := 1 
and g := 0 (notice that in this case (11.11) . (11.51) and (11.131) are all satisfied; moreover, 
since g = 0 and /' ^ 0, and recalling Lemma 12.31 then we see that u is stable, in 
the sense of (11.101) 1. In this sense. Theorems 11.21 and o are optimal. 

Though the statements of Theorems 11.21 and 11.31 are somehow similar, we prove 
them by different methods. Indeed, the proof of Theorem 11.21 relies on the Poincare- 
type geometric inequality stated in Theorem 11.11 (by the choice of an appropriate 
test function), while the proof of Theorem 11.31 is based on the relation between 
maximum principles and stability conditions in view of a suitable spectral analysis. 


1.5. Classification of bounded stable solutions for convex/concave non- 
linearities. Now we address the problem of classifying stable solutions if the non¬ 
linearity / is either convex or concave. To this aim, we shall make the assumption 
that g = 0. The precise result obtained is the following: 

Theorem 1.4. Assume that 


(1.15) at{y,t) ^ 0 and g{y,t) = 0 for any t, y > 0. 

Let u be a bounded and stable solution of dni), such that 

a{y,\^u\)\Vuf € L\e), 


(1.16) 


lim 


a(y, |Vm|) = 0 


and a(?/, |Vu|) dyM G (7(11 X [0, -l-oo)). 

If either f is strictly convex, or f is strictly concave, then u is constant in 6 . 


We remark that Theorem 11.41 is proved here under the additional assumption 
in (11.151) . stating that a is nonincreasing with respect to the variable t. This as¬ 
sumption is of course satisfied in all the cases in which a is independent of t, that is. 
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if one is considering semilinear reaction-diffusion equation. Nevertheless, we remark 
that condition (jl.l5l) is satisfied also in the case of important quasilinear reaction- 
diffusion equations, such as the one driven by mean curvature-type operators, in 
which 


a{y,t) = 


y 


with -d S (—1,1). We think that it is an interesting open problem to decide for 
which type of quasilinear reaction-diffusion equations similar statements hold true. 

In the case of elliptic equations with inner reaction, the classification of stable 
solutions with Neumann data under suitable convexity or concavity assumptions 
on the nonlinear term was obtained in [7]. In this sense, our Theorems O is the 
extension of Theorem 3 of [7] to the boundary reaction-diffusion equation in m- 

1.6. Application to nonlocal Neumann problems. Now we discuss the classi¬ 
fication of stable solutions in a problem driven by the square root of the Laplacian 
in the spectral sense. For this scope, let {(pk : fc G N U {0}} and {Afc : fc G N U {0}} 
be the eigenfunctions and the eigenvalues of —A in 17 with homogeneous Neumann 
conditions on 917. We normalize the sequence of eigenfunctions in such a way that 
they form an orthonormal basis of L^(17). 

The Neumann Laplacian — A^v is the operator acting on an L^(17)-function 


■j{x) ='^Wk Pkix), 


k=0 


where 


as 


Wk ■■ = 


w(x) (pk{x) dx, 


-Anw{x) := ^ Afe Wk Pkix). 

k^O 

Then, for s G (0,1), the 5-Neumann Laplacian is given by 

oo 

(1.17) {-ANYwjx) := Afc Wk Pkjx). 

k=0 

With the language of the semigroups introduced in [29], it is possible to show that 
{—AnY is a nonlocal operator. 

From now on we focus on the case s = 1/2 and, given / G (^^’“(ffi.), we consider 
the semilinear equation 

U-ANY/^v = f{v) in 17 
I d^v = 0 on 917. 


(1.18) 


The problem can be considered in weak sense, namely we consider the space 

{ +00 +00 'j 

w = y] WkPk s L^(17) s.t. y] \]^'^\wk\^ < +00 > . 

fe =0 fc =0 J 

Then we say that is a solution of (|1.18ll if 

+ 00 

V = '^VkPk G i7^/^(ll) 
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and 

+ 00 „ +00 

^ VkCk= / fiv{x)) C{x) dx for any C = ^ CWk e 
k=0 k=0 

We observe that the latter integral makes sense under some assumption on / or 
on V. Since / is continuous and v will always be bounded in the sequel, it is well 
defined. Also, thanks to the results in [29l |30] (see also US]), the previous nonlocal 
problem is related to the following local one, with boundary reaction; 

{ Au = 0 in e 

d^u = 0 on BlC 

—dyU = f(u) on 9 bC. 

More precisely, let us define 1K(C) as the completion of H^{C) with respect to the 
scalar product 

(Ul, U2)TC(e) •= / VU1-VU2+ / U1U2, 

Je JQ 

where has to be understood in the sense of traces (notice that this is possible, 
see Section 2 in [20]). It results that 1K(C) D H^{C) (notice in particular that 
constant functions are in 5f(C) but not in for this reason, Jf(C) is a more 

suitable space than H^{C) to set (11.1911 in weak sense). Then a weak solution v to 
(I1.18P can be defined as the trace over of a function u G 9-C(C) such that 


(1.20) [ \7u-Vip- [ f{u)ip = 0 for all if G 5f(e), 

Jg Jqx{0} 

see again [30]. Notice that this setting falls exactly under the general setting con¬ 
sidered in (|1.1L with a = 1 and g = 0 (compare (11.201) with (11.71) 1. 

In this framework, we say that a solution v G to (11.181) is stable if its 

extension u G J{(C) in ()1.19|1 is stable according to (I1.10|l (with 23 the identity 
matrix and g = 0), i.e. 

( 1 . 21 ) / ^ 0 

Je 2nx{o} 

for any ip G A. 

With this definition, we can prove the following classification theorems for stable 
solutions to (11.181) . 

Theorem 1.5. Let LI C R" be convex, and let v G (") L°“(n) be a stable 

solution to (11.181) . Then v is constant. 

Theorem 11.51 establishes that equation (11.181) in convex domains does not admit 
noncostant stable solutions. The same conclusion holds, if, instead of the convexity 
of LI, we assume the convexity (or the concavity) of the nonlinearity /, according 
to the following result. 

Theorem 1.6. Let f be either strictly convex, or strictly concave, and let v G 
H^/'^{Ll) (~(L°“(n) be a stable solution to (11.181) . Then V is constant. 
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The previous results can be considered as the counterpart of those in [7] for 
(jl.lSL Clearly, a natural question consist in finding easy and natural assumptions 
on / or on u allowing to show that v is stable in the sense of (jl.21l) . A very simple 
condition consists in /' ^ 0. 

We also point out that, in our framework, Theorems II.51 and II.61 will be obtained 
by using Theorems 11.31 and 11.41 respectively. 

As a further remark, we observe that if u £ fl then, by [30l 

Theorem 3.5], we have that v £ 6^(11). Therefore the boundary condition d^v = 0 
on can be understood in the classical sense. 


We also mention that our focus on the case s = 1/2 is due to the fact that 
we recalled and used some results contained in [30) . Once that similar results are 
established for the case s 1/2 (this is announced in [30]), our results would also 
hold for the general case s £ (0,1). Indeed, for s £ (0,1), the extension problem 
associated to the s-Neumann Laplacian will be of type dni) with a{y,t) = y'^, 
with d £ (—1,1), and g = 0. 


1.7. A counterexample in a different nonlocal setting. In Section [1.61 we 
have considered classification results for stable solutions of spectral versions of frac¬ 
tional Laplacians (in the sense given by ()1.17p l. 

In the literature, other nonlocal elliptic operators of fractional type have been 
widely studied. Of particular interest is the integral version of the fractional Lapla¬ 
cian, defined (up to normalizing constants), for any s £ (0,1), as 


( 1 . 22 ) 


(-A)*u(a:) := pv [ 
Jr^ 


v{x) - v{y) 

\j._y\n+2s y 


As usual, pv stays for the principal value. We stress that the operators in ()1.17l) 
and (11.221) are indeed different fsee e.E. ED). 

In this setting, a natural fractional normal derivative at the boundary (see e.g. 
m) is given by 


(di^Yvix) := lim 
t->-o+ 


v(x + tv(x)) — v(x) 


where v{x) denotes the outer unit normal to 50 at a: £ 50. 

With this, one may wonder whether “nice” and “stable” solutions to the equation 


{—A)^v = f{v) in O 
{d^Yv = 0 on 50 


in convex domains or with convex nonlinearities are necessarily constant, or, at 
least, if they enjoy some rigid geometric properties. 


While a suitable notion of stability should be introduced in this setting, the 
further assumption that / = 0 would imply stability in any reasonable definition, 
thus the basic question boils down to determine any rigidity properties of solutions 
of 

, , f (-A)«u = 0 in n 

(1.24 ’ 

y = 0 on 5n, 

possibly in convex domains. 

Quite surprisingly, we now show that no classification (and even no rigidity) 
results hold true for equation (11.2411 . This phenomenon shows that the “right” 
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choice of fractional operator, endowed with the appropriate boundary conditions, 
plays a crucial role in nonlocal problems. 

In concrete, the result that we show is the following: 

Example 1.7. Let s € (0,1), h G C^(R) and e S (0,1). Then, there exist ^i,(52 S 
[O, |] and V G C'^((—1 — e, 1 + e)) fl (^(M) such that 

||u- /i||c2((-i,i)) < e. 




0 for any x G {—1 — (5i, 1 + $ 2 }, 


v'{—l — Ji) = u'(l + 62 ) = 0, 

V has bounded support. 

We remark that the operator {—d^Y is simply (—A)®, as defined in (jl.22|l . when 
the domain is one-dimensional. Also, the “fractional” boundary derivative (9i/)® 
has nice regularity properties and natural applications in Pohozaev-type identities 
and in rigidity results for overdetermined problems (see e.g. [m [m [221 [13 HI]); 
nevertheless it cannot characterize solutions v of the fractional equation (11.231) in 
convex domains, which, as stated in Example 11.71 at least for / = 0, can have 
essentially the same local qualitative properties of any prescribed function h. 

1.8. Organization of the paper. The rest of the paper is organized as follows. 
In Section H] we collect some preliminary computations that are needed in the 
proofs of the main results. In Section [3 we prove the Poincare-type geometric 
inequality stated in Theorem ll.il The classification of solutions to (11.11) when 11 is 
convex, together with the proofs of Theorems ll.2l and ll.3l is contained in Sections 0] 
andO The proof of Theorems 11.41 with the classification of stable solutions in case 
of convex/concave nonlinearities, is contained in Section [6| Section [7] is devoted 
to the study of classification results involving the spectral s-Neumann Laplacian 
(—Avr)®. Section [8] contains the discussion related to Example 11.71 

2. Toolbox 

In this section we collect several intermediate statements which will be used in 
the proof of our main results. 

2.1. Some inequalities coming from the Neumann condition. Next result 
deals with the geometric analysis related to functions satisfying a Neumann condi¬ 
tion. 

Lemma 2.1. Let fl C K" be an open set with boundary of class . Let u G 
C'^(Lt X (0, -l-oo)), with dvU = 0 on dfl x (0, -foo). 

Assume that x = (x',Xn) G dLl and that in a neighborhood of x the domain LI 
can be written in normal coordinates as the epigraph of a function 7 G 


i.e. 


fl n Br(x) = {a; = {x', Xn) G Br{x) S.t. Xn > 7 ( 0 ;')}, 
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for some r > 0, with ^{x') = Xn arid V 7 (x') = 0. Then, for any y > 0, 
Vu(x, y) ■ dy (Vw(x, y)) = S/xu{x, y) ■ d„ {Vxu{x, y)) 

= - X! y'^- 

i J = 1 

In particular, if fl is convex, then 

(2.2) yu{x, y) ■ di, (Vu(x, y)) = '^xu{x, y) ■ d^, {\Jxu{x, y)) < 0. 


Proof. Up to a translation, we can assume that x = 0. Thus, in the vicinity of the 
origin we can write the unit normal vector as 


v{x,y) 


1 

V|V7(x0P + l 


(V7(x'),-1,0). 


Therefore, the condition dyu{x, y) = 0, for x G dTl fl Br, reads as 

n—1 

X! y) Ixi {x') - Ux„ {x', 'y{x'),y) = 0. 

So, taking the derivative with respect to Xj with j = — 1, we obtain 


n—1 

X] 7(a^0: y)lxi{x') 

n—1 n—1 

+ X! {x', l{x'), y) -ixj {x') Jxi {x 

- Uxjx„ {x , l{x')) - Ux„x„ {x, j{x'),y) 'Yxj {x') = 0. 
Hence, recalling that V7(0') = 0, we infer that 

n—1 

X! yhxix^ (0, y) - Uxjx„ (0, y) = 0, 
which proves that, for any y > 0 and any j = 1,..., n — 1, 

n—1 

(2-3) Uxjx„{x,y) = Uxi{x,y)jxiXj{x,y). 

Now we observe that 

(2.4) 1^(0, y) = -Cn and so Ux„ (0, y) = -d,,u{0, y) = 0. 

By differentiating this identity in y, we deduce that 

(2.5) M,^^j^(0,y) = 0. 

Moreover, 


(2.6) Uy{0, y) ■ d,,Uy[Q, y) = -Uy{0, y) Ux„y{t), y) = 0. 

Therefore, using again (EH), we see that 

Vm(0, y) ■ dv (Vu(0, y)) = -S/xu(0, y) ■ dx^ (Va;M(0, y)) 

n n— 1 

= - '^Uxi{0,y)uxiXr,{0,y) = - y] Uxi{0,y)uxiXr,{0,y)- 
2=1 2=1 


(2.7) 
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Now we plug (j2.3l) into (12.7p . and we deduce that 

n—1 

Vu(0, y) ■ 5^ (Vu(0, y)) = - ^ (O') Ux, (0, y) Ux^ (0, y). 

* j=i 

From this and ( 1 ^ . we obtain dnj. Formula (lO) follows from (EU and the 
convexity of fl (which boils down to the convexity of 7 ). □ 

For completeness, we also recall the following result: 

Lemma 2.2. Let 2. If LI is convex, then dLl is pathwise connected. 

Proof. Fix Z G LI. Given two points A, B G dLl we will construct a path join¬ 
ing A to B and lying on dLl. For this, we consider the segment S that joins A 
and B. Notice that S' C fl, by convexity. Given any X G S, we can consider the 
halfline r{X) that emanates from Z and passes through X. We remark that r{X) 
must intersect dLl, since LI is bounded. This intersection point must be unique: 
indeed, if there are two points Fi, >2 € 9nnr(X), since Bp{Z) C for some p > 0, 
we have that the convex hull of Fi, Y 2 and Bp{Z) lies in LI, and this contradicts 
that both Yi and F 2 are boundary point. 

Therefore, for any X G S, we can define a continuous function tt : S —>■ dLl, as 
the intersection of r{X) with dLl. Then, the image of S via tt provides the desired 
path lying on dLl and joining A to B. □ 

2.2. Positive definiteness of 23. 


Lemma 2.3. For any y > 0 and rj G \ {0}, the matrix 'B{y,r]) is positive 

definite. 

More precisely, the matrix 'B{y,r]) has eigenvalues a{y,\r]\) + \r]\at{y,\r]\) (with 
multiplicity 1) and a(y, Ipj) (with multiplicity n). 


Proof. The second statement implies the first one, thanks to ()1.2I1 . So we focus on 
the proof of the second statement. For this, we fix an orthonormal basis of 
say {El,..., En+i}, such that Ei := 7 /Ip]. We will use this basis to diagonalize 
the matrix 25(y, y). Indeed, for any k = 2,... ,n + 1, we have that Ei ■ Ek = 0. 
Thus, for any i = 1,... ,n + 1 


n+1 n+1 / I |\ 

{'B{y,r])Ei)^ = ^ ®(y,y)*, ^ = a(y, |y|)^ + ^ 


3=1 ' '' ' '' 3=1 

= (a(2/. I»?l) + \v\ atiy, IpD) iEi)i, 

while for any k = 2,... ,n 1 


(®(y, y) Ek)^ = a{y, \v\){Ek)^ + ^ i?»i?j-(^fc)3 

= a{y, |y|)(F;fe)^ -b at{y, |y|) ipEi ■ E^ = a{y, \l]\){Ek)^. □ 


2.3. Some results available in the literature. Here we recall some known aux¬ 
iliary statements, which will be needed in the proof of our main results (these 
statements have been included for the facility of the reader, to make the paper 
more self-contained). 

The following is a variant of Lemma 10 in [25] . The proof can be easily obtained 
modifying the argument therein, and thus is omitted. 
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Lemma 2.4. Let R > 0 and /i : x (0, i?) —>■ R 6e a nonnegative measurable 
function. For any p S (0, i?), let 


Then 


V{p) ■= f h. 

JQx{0 ,R) 


lnxiVR,R) 


h(X) 


.R 

dX ^ 2 / t ^rjlt) dt + 

Jvr 


viR) 

i?2 ■ 


Lemma 2.5 (Lemma 4.2 in [26]). In G D {VxU ^ 0}, it results 


(2.8) '^{'B{y,Vu)Xux^, - {'B{y,Xu)X\Xxu\, V|Va;u|) ^ 0. 

Corollary 2.6. Let Xo G Lt and yo > 0. Assume that 

(2.9) Xxu(xo,yo) 7 ^ 0 


and that 

n 

y^{‘B{y, Vu)Vuxi, Vuxj) - {'S>{y,Vu)V\Vxu\, V|Vxu|) = 0 
1=1 

almost everywhere in a neighborhood of H x {yo}- 

Then, each connected component of the level set of the function LI ^ x u{x, po) 
must be an (n — 2)-dimensional hyperplane intersected n. 


Proof. Let L{xo) be the connected component of the level set 

[x gLI s.t. u{x,yo) = u{xo,yo)} 

which contains Xo- We also take Uo to be the largest possible neighborhood of Xo 
in LI such that XxU 7 ^ 0 in [/q. 

By Corollary 4.3 in [26] (see in particular the first identity in (4.5) there), we 
know that all the level sets of the function Uo ^ x ^ u{x,yo) have vanishing 
principal curvatures in Uo- 

Accordingly, the normal of each of these level sets is constant, and so each level 
set must be contained in a hyperplane (see e.g. Lemma 2.10 in [H]). This says 
that 

( 2 . 10 ) L{xo) nUo C {uJo ■ {x - Xo) = 0 ], 

for a suitable ojo S S^~^. Notice that Wo here above depends on {xo, yo)- 
Now we claim that 


(2.11) L{xo) = {ujo ■ (x — Xo) = 0} n n. 

Indeed, by Corollary 4.3 in [26] (see in particular the second identity in (4.5) there), 
we know that the tangential gradient of |Va;M| along L(xo)C\Uo is zero, and so |Va;M| 
is constant along L{xo) H Uo- That is, by (12.91) . 

( 2 . 12 ) \Xxu{x,yo)\ = \Xxu{xo,yo)\ =: Co > 0 for any x S L{xo) n Uo- 

Hence, by continuity, we have that \Xxu{x, yo)\ = Cq > 0 for any x G L(xo) H {dUo)- 
This (and the maximality assumption on Uo) imply that 

(2.13) L{xo) n {dUo) is empty inside 11. 
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This implies that 

(2.14) L(xo) C {wo • (x - Xo) = 0}. 

Indeed, if not, there would exist p G L{xo) \ {uJo ■ {x — Xo) = 0}. By (I2.10L we 
know that p € fl \ Uo- By considering a path joining p to Xo inside L{xo), we would 
then find a point in L{xo) H (dUo)- This would contradict (j2.13|) . and thus (12.1411 
is proved. 

Now, since L{xo) is a subset of fl, we can write (12.141) as 

(2.15) L{xo) c {ujo ■ {x — Xo) = 0} n n. 

Hence, to complete the proof of (12.111) . we need to show the converse inclusion. To 
this aim, one uses (12.121) and (12.131) . to write L{xo) as a smooth manifold without 
boundary in H. Such manifold, in view of (12.151) . must coincide with {wq- {x — Xo) = 
0}, thus proving (I2.11L which is the desired result. □ 

2.4. The linearized equation. Now we consider the so-called linearized equation, 
that is the equation satisfied by the derivatives of the solution in the variables x 
(this equation is clearly related with the stability condition in (11.101) 1. The result 
needed for our purposes is the following: 

Lemma 2.7. Assume that u is a solution of CH). Then, for any j = 1,... ,n, we 
have that Uxj satisfies 


'e ■- 


Vm) , VV’) + Puiy, u) Ux,j 

a{y, |Vw|) {yu-yif)vj +g{y,u)'4)Vj 

= [ f'iu)Ux,j1p- 
Jdne 


idLe 


anx{o} 


f{u)il)i 


for any ^ A and and such that G A for any j = 1,..., n. 
Proof. First, we observe that, for any j = 1,... ,n, 


(2.16) dx,(a{y,\yu{x,y)\)'j = 2/)!) 

Here and in the sequel, we use the notation X = {Xi, ..., Xn+i) := [x, y) G 
hence Xj- = a;^ if fc G {1,..., n} and Xn+i = y- 

As a consequence of (12.161) . we have that, for any fixed j = 1,... ,n and m = 


{a{y, |Vm|) -f {a{y, |Vm|)) 

= a{y, |Vm|) ux„,xj + dx^ {a{y, |Vm|)) ux„. 


n+1 

= ^ a(y, \Vu\) 6km uxkxj 


n+1 

fc=l 


UXk UXm '^XkXj 

\Xu\ 


n+1 

= ^T>km.{yXu)uXt,Xj, 
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where we have used (HH). Therefore, for any j = 1,..., n, 

(2.17) dxj{a{y,\\7u\)\7u) ='B{y,\7u)Vux.. 

Using ()2.17[l . we have the equality (in sense) 

a{y, |Vu|) Vu • (a{y, |Vu|) Vu • - (®(y, Vu) , V^’). 

We wish now to use (HJD with (fi = (notice that this is possible since we are 
supposing that V'xj & A). To this aim, we use the Divergence Theorem to obtain 


(2.18) 


a(j/, |Vu|) Vu • Vipxj 

a{y,\Vu\){Vu-Vil})vj - j {'B{y,Wu)Wuxj,V'ilj), 

: Je 


idLe 


for any j = 1,... ,n. In a similar way 


(2.19) / g{y,u)ipx^= / g{y,u)tpVj- / gu{y,u)ux^ip. 

Je JdLS Je 

Finally, using again the Divergence Theorem, 

( 2 . 20 ) f f(u)i^xj=[ f{u)'ipvj-f f'(u)ux^'ip. 

Jdne ./aoxto} Jdse 


Notice that Vj denotes the j component oiv = (y, 0) and v is the outer unit normal 
vector of dVl in K". 

We can now insert (12.181) . (12.191) and (I2.20p into (11.71) and obtain the desired 
conclusion. □ 


As a consequence of Lemma l^TTl we can test the linearized equation against tpj := 
Uxj^, where is a “nice” function with bounded support in y: in this case, the 
particular choice of the test function and the Neumann condition provide some 
additional simplifications, as stated in the following result: 




Corollary 2.8. Assume that u is a solution of (|l.ll) . Then 

n p 

j {'Biy,Vu)Vuxj,'^Ux^)ip +{'B{y,Vu)Vux^,'^(p)u, 

9u{y,u) |Va;Up(^ 

a(y, |Vu|) (Vu • a,.(Vu)) (/? + f f'{u)\Vxu\‘^ip 
: Jdne 


( 2 . 21 ) 


IdLe 


for any (p G (7^(6) with bounded support in y and such that ipxj G A, for any j = 


Proof. We use := Ux^p as test function in Lemma [2.71 observing that this is 
possible by and the assumptions on ip, and then we sum over j = 1 ,..., n. 

First of all, for any x G 9D and ?/ > 0, if ipj := Ux^p then on OlG 

n 

ifj Vj = VxM ■ V p = Vu ■ V p = Q, 
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where we used the fact that the last component of u is 0 on 9 lC. Since the normal 
along 9 lC coincides with the one along by projection, we deduce from (lESl) 
that 

n 

= 0 

i=i 

also on d^l x {0}. These considerations imply that 

n « n « 

(2.22) V/ g{y,u)'ii)jVj =0 and V/ f{u)tpji'j = 0. 

j^iJdLe j^^Jdnx{o} 

We also observe that 

a{y, |Vu|) (Vu • V'^j) Uj 

= a{y, |Vm|) (Vm • Vuxj)(pvj + a{y, |Vm|) (Vm • Vcp) Vj 
on so that, using again the homogeneous Neumann condition, 

(2.23) a(y, |Vm|) (Vu • Vi/>j) Uj = ^ / a{y,\Vu\) {Vu(puj. 

j—\ j—1 

Plugging (12.221) and (12.231) into the formula in Lemma ET71 the thesis follows. □ 


A refinement of Corollary 12.81 under additional integrability assumptions, goes 
as follows: 


Corollary 2.9. Let fl he a convex domain, and let u be a solution of (El) , satis¬ 
fying the integrability assumption (11.131) . Then 



+ / 9 u{y,u) |Va;Up 
Je 


'dLC 


a{y,\Wu\) (Vu-a.(Vu)) 



f'iu)\y,uf. 


Proof. We take (f := (j)R{y) to be a smooth nonnegative function such that (fniy) = 
1 if 2 / e [0, i?], (t)R{y) = 0 if 1 / e [2i?, +oo) and \(j)'p\ < 10/i?. We apply Corollarv l2.8l 
and we send R —>■ +oo, using assumption (11.131) . More precisely, by (11.91) and (II.3L 
we can bound \T>{y,'S/u)\ by a{y, |Vu|), up to multiplicative constants; therefore 


|®(j/, Vu)| (|V,u|2 + \Dlu\^ + G L\Q) 

thanks to (11.131) . and this allows us to pass to the limit as i? —+oo in the first 
term on the left hand side in p. 2 ip . As far as the second term, we use the fact that 
gu{y, u)| VxUp G L^(C) and argue in a similar way. Finally, for the first term on the 
right hand side of (12.211) we apply the Monotone Convergence Theorem, observing 
that, thanks to the convexity of fl. Lemma ETT] implies that 


«(?/, |Vu|) (Vu • ^^(Vw)) ^ 0 on 


□ 
















18 


S. DIPIERRO, N. SOAVE, AND E. VALDINOCI 


3. A Poincare-TYPE geometric inequality: proof of Theorem 11.11 

In this section we prove the geometric inequality of Poincare type stated in 
Theorem 11.11 


Completion of the vroof of Theorem \l.l[ We use Corollary 12.81 with (p := and 
Ip G (C) with bounded support in y and such that -ip^j G A for any j = 1,..., n. 
In this way, we have that 


i=i L J 

( 3 - 1 ) -t f gu{y,u) 

J c 

a{y,\Vu\) {Vu-di,{Vu))tp^ + [ f (u) \Va:u\'^tp^. 

: Jane 


idLe 


Now we use the fact that u is stable, and we choose \'S/xu\tjj as test function in 
the definition of stability (I1.10|) (we observe that this choice is admissible, thanks 
to (ll.Sp l: in this way, we conclude that 


/ {'B{y,Vu)W\Wxu\, -b / {'B{y,Vu)V'p, Wtp) \Vxu\' 

Jg Jg 

(3.2) -b [ 2{‘B{y,Vu)V\Vxu\,VIp) \\7xu\ Ip 

Je 

+ f gu{y,u)\Vxu\‘^ 'ip'^ - f f'{u)\Vxu\‘^ 'p'^ ^ 0. 

Je Jane 


It is convenient to observe that 


^ 1 ^ ^ 
|V:j,u| V|V:j,u| = -VlV^up = 


i=i 


i=i 


and so we can rewrite as 


/ (S(y,Vz/)V|V,u|, / (3(2/,V7/)V^, 

Jg Jg 

n p 

+ y] / 2{'B{y,Wu)Wux^,Vp)uxjp 

1=1 "'e 

+ f guiy,u)\Vxu\'^p^ - f f'{u)\Vxu\'^p^ ^ 0. 

Je Jane 

This expression and (EB have three terms in common, which can be simplified 
appropriately, thus establishing (II.lip . □ 


4. Classification in convex domains I: proof of Theorem 11.21 
We claim that 

if 'Vxu{xo,yo) p 0, then each connected component of the level set 
(4.1) of the function fl 3 a; >->• u{x,yo) must be 

an (n — 2)-dimensional hyperplane intersected If 
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and that 
(4.2) 


Vm • di^iVu) = 0 on 5^6. 


Let i? > 10 (to be taken arbitrarily large in the sequel). We consider a smooth 
function tr : [0, +oo) —^ [0,1] supported in i?], such that = 1 in [\/R + 

1, i? — 1] and |VTfl| ^ 10. For any y > 0, we define 


My) ■■= r^dc 

Jy S 


Since tr vanishes in [0, \/i?] we have that ij^R is smooth, continuous in [0, +oo) and 


^fl(y) = 


(4.3) 


r 

's/R C 

rR-1 


rR-l 


dM 


MO 
^Vr+1 C 


dc 


dc , R-i Or 

'\/k+i C VR-\- 1 2 


for any y £ [0, OR], as long as R is sufficiently large. In addition, since tr vanishes 
also in [ii,+oo), we have that ipRiy) = 0 for any y ^ R, hence -ipR is compactly 
supported in [0, +oo). Finally, ijjR G (7^(6) by the choice of tr. As a consequence, 
we can use i/jr as a test function in (11.111) : this yields 


(4.4) 


y^('B(y, Vu) Vitg;,., Vux,) - {‘B{y,Vu)V\Vxu\, V|Va;M|) 
1=1 


Or 


- a{y,\yu\){yu-d^{yu))tpRO / (^(y, Vu)Vi/;/j, VV'fl) |V2,up. 
JdLe Je 

Now we use (1^ . (1^ . (ig . and the fact that V^u is constant almost everywhere 
on {Va;U = 0}, by Stampacchia’s Theorem, to see that 


(4.5) 


^(®(y,VM) VUa;,-) “ (® (?/, Vu) V | Va;U|, V|Va:U|) 


1=1 




log 


and 


(4.6) 


Or'" 


I(1x{0,VR) 


y^('B(y, Vu) Vux,-, Viixj) - ((B(y, Vu)V|Vxu|, V|Va:u|) 
1=1 




a{y,\yu\){yu-dMu))M 


> - log 


Or'' 


' aLen{ye{o,VR)} 


a{y,\Vu\){Vu-dOM)- 
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In this way we can estimate the left hand side in (I4.4p . As far as the right hand 
side is concerned, by m we obtain 


(®(y,Vu)VV-R, / a(y,|Vu|)|VV-R|"|V,M|' 


Je 

^C2 


'QxiVR,R) y 


f a(y, |Vw|)-^^^, 

'nx{VR,R) y 


for some Ci, C 2 > 0. So, by using Lemma [231 with h := a{y,\\7u\) and 

recalling (jl.l 2 L we conclude that 


{'B{y,Vu)W'ipR, VV'r) |Va;u|' 


<U 


'flx{ 0 ,R) 


0 -iy, |Vu|) IVa^ul 


(4.7) / [ a(y, |Vu|) |Vxu| 

J y/R t/r 2 x( 0 ,t) 
fR flf 

- + C 4 ^ CslogVi?, 

Jvr ^ 

that R is large enough, for s( 

(|4.5I) . (I4.6P and K7\i into (HU), we divide by ^log and we deduce 


provided that R is large enough, for some constants C 3 , C 4 , C 5 > 0. Thus we 
_ _ _ _ , ,,..2 

insert 


Iqx(o,\/r) 


y^('B(y, Vu) Vug;., Vux,) - (®(?/, Vu)V|Va,u|, V|Va;u|) 
i=i 

Ce log R 


- / 0 ( 2 /, iVul) (Vu • 5,.(Vu)) ^ 

JdLen{ye{o,VR)} Mog-^J 

Since the latter term is infinitesimal as i? —^ + 00 , the previous estimate implies 


y^( 3 (y, Vu) VUa,-, VUa;..) - (®(y, Vu)V|VxU|, V|Va:U|) 

i=i 


JOlG 

and as a consequence 


a(?/, |Vu|) (Vu • 9 i,(Vu)) ^ 0 , 


^(23(2/, Vu) Vux^,Vuxj) - (53(2/, Vu)V|Va,u|, V|VxU|) 
t=i 


= 0 in e 


(4.8) 
and 

0 ( 2 /, |Vu|) (Vu • 9,y(Vu)) = 0 on 9^6, 

thanks to (|2.2I) and p. 8 l) . This establishes (|4.2I) (recall also (11.21) 1. 

Also, by (14.811 and Corollarv l2.61 we obtain that (14.ip holds. 

Now we use that has positive principal curvatures. For this, we claim that 


(4.9) u is constant along cAI x {y}, 

for any fixed y > 0. To prove it assume by contradiction that u{p,y) ^ u(q,y) 
for some p, q £ dfl. By Lemma 12.21 we know that we can connect p to q with a 
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continuous path a : [0,1] —^ d^. Let C(0 := u{a{t), y). Then ^(0) ^ C(l)) and 
therefore there exists t G (0,1) such that C(t) ^ 0. That is 

(4.10) G ^ Q{i) = Vxu{a{t), y) ■ &{t). 

We let X := cr(t). Up to a change of coordinates, we may suppose that the exterior 
normal of dVL at x coincides with — e„, hence, near x the domain fl can be written 
in normal coordinates as the epigraph of a function 7 G (7^(18."“^). The fact that 
the principal curvatures of 914 are positive implies that 

(4.11) the Hessian of 7 is positive definite. 

On the other hand, by (14.21) and we have that 

n—1 

0 = -Vu{x, y) ■ du (Vm(x, y)) = ^ 7 a„a;^. {x') {x, y) {x, y). 

i,i=l 

This and (14.111) give that Ux^ix, y) = 0 for any f = 1,..., n — 1. By the Neumann 
condition and the choice of the coordinate system, we also know that Ux„ = —d^u = 
0 in {x,y). Hence \7xu{x,y) = 0, in contradiction with (14.101) : this proves (14.91) . 
Now we show that 

(4.12) u is constant in 14 x {y}, 

for any fixed y > 0. For this, we argue by contradiction and we assume that this is 
not true: as a consequence, we have that 

(4.13) {a; G 14 s.t. S/xu{x,y) ^ 0} ^ 0. 

We let c(y) be the value attained by u along 914 x {y}, as given by (14.91) . 

We also take an arbitrary point xq G 14 for which 'Vxu(xo,y) ^ 0 (here, we 
are using (|4.13l) to say that such point exists). We let L{xo) be the connected 
component of the level set of u{-, y) in 14 which passes through Xq. In view of (14.11) . 
we know that 

(4.14) L{xo) = {uj ■ {x — xq) = 0} (~) 14, 

for a suitable w G S^~^, possibly depending on xq and y. We also consider a 
vector vj orthogonal to w (of course, zu may also depend on xq and y). 

Then, we consider the straight line 

{xo + zat, t G K}. 

Since the domain 14 is bounded, such a line must intersect somewhere the boundary 
of 14, i.e. there exists 4o such that xq + zuto G 914. Therefore, by (14.91) . 

(4.15) w(xo + tnio, y) = c(y). 

On the other hand, by (14.141) . 

u(xo + zuto, y) = u{xo, y). 

This and (|4.15l) give that 

u{xo,y) = c{y). 

Since this holds for any point xq G 14 for which S/xu{xo, y) ^ 0, we have established 
that 

m(x, y) = c(y) for any x G 14 (d {Va;M(-, y) yf 0}. 
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Since the above identity also holds on 90 and since u is constant in each component 
of n n {Va;u(-, y) = 0}, we obtain that u{x,y) = c{y) for any a; G O, hence 
vanishes identically in 

This is in contradiction with (|4.13|) ; hence, we have established (I4.12|) , and thus 
completed the proof of Theorem 11.21 


5. Classification in convex domains II: proof of Theorem 11.31 

Now we address the proof of Theorem 11.31 For this goal, we need a detailed 
study of functions which attain the minimum of the stability functional / introduced 
in (ll.lOp . After this, we will use the geometric observations exposed in Section [2] 
and suitable test functions to complete the proof of Theorem 11.31 


5.1. Rigidity of minimal solutions. In this part, we study the rigidity properties 
of the minimizers of the stability functional I, as defined in (II.101) . To this aim, we 
introduce 

+ \9u{y,u)\ip‘^ e L\e) I 

With respect to the space A defined in (11.811 , we replace the requirement that y) has 
bounded support in y with an integrability condition. From now on, we assume 
that u is a stable solution of dnj, according to (jl.l0|) . 

Lemma 5.1. Lei I he defined by (11.101) . Then I{y>) 0 for every (p G A*. 


(5.1) A* :=<'<p€W,^J(e) 


a{y, |Vm|) + |V(/2| 

and </5|nx{o} e 


Proof. We proceed by approximation in the following way: let tji be a smooth 
function such that 


TRit) 


1 , if 0 < t < i?, 
0, if t ^ 2R, 


and |r)j| < C/R for some C > 0. Given p G A*, the function (p}i{x,y) := 
ip{x,y)TB.{y) belongs to A, and hence can be used as a test function in the sta¬ 
bility assumption (11.101) . Therefore 


(5.2) 


i{ar) > 0. 


In order to obtain the desired result, we aim at passing to the limit as R ^ -boo. 
The details go as follows. First of all, we recall (HU and (HU, to point out that 

|®(j/,7?)| Ci(^a{y, \ri\) + afiy, hi) h|) ^ ^2 a(y, hi), 
for some Ci, C 2 > 0. As a consequence 


(5.3) 


lim 


[ |®(?/,Vm)|(^2 «: lim ^ f a{y,\Wu\) =0, 

Jnx(R,2R) R-^+00 U Jq 


where we used the integrability conditions in (j5.1l) . 
Now, from (I5.2|l we infer that 


0^ /('B(2/,V'u)V(^, V(^)t|- b [ {%{y,Vu)VTR,VTR)yfi 
Je Je 

+ 2 / {'B{y,Vu)Vy>,VTR)y>TR + gu{y,u)y>'^T'^ - [ 

Je Jdse 


(5.4) 
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Let e > 0 (to be taken arbitrarily small in the sequel); we use a weighted Holder 
inequality to observe that 


(®(y, Vu)V(/3, Vt/j) tpTfl 


+ Ce [ (^(y, Vu)VTfl, Vr^) 
Je Je 

for some Cg > 0. Plugging this into (|5.4p . we obtain 


0 < (l + e)^(®(y,Vu)V(p,V(p)T2 

+ / 9u{y,u)ip^T]i- f 
Je Jdne 


Qx(R,2R) 


|'B(y, Vu)| 


Recalling (I5.3|) and the definition of A*^ we can pass to the limit as R ^ +oo, 
concluding that 

0 s^(l + e) [ (®(y, Vu)Vyj, Vyj) + [ gu{y,u)ip^ - [ 

Je Je Jdne 


Since e > 0 has been arbitrarily chosen, the thesis follows. 


□ 


In light of the previous result, we write that Lp S A* is a minimizer for / if 
I{p>) ^ 0 (equivalently, by Lemma l5.11 if I{<p) = 0). First, we show that minimizers 
satisfy a suitable reaction-diffusion equation, both in the weak and in the strong 
sense: 

Lemma 5.2. Assume that I(ip) ^ 0, for some tp G A* . Then 

f (®(?/, Vu)Vyj, VC) + / guiy,u)ipC- [ f{u)ipC = 0, 

Je Je Jdne 

for any C G .A*. 

Proof. For any e G M and any test function C, we have that I{(p + e() ^ 0 ^ 
and therefore, dividing by e and sending e —>■ 0, we obtain the desired result. □ 

Lemma 5.3. Assume also that I{(p) < 0, for some ip £ yi*nC^(C)nC^(Hx [a,j3]), 
for any f3 > a > 0 Then, (p is a solution of 

n+1 

(5.5) ^ ‘B,j{y,Vu)dx.XjT + dxi'S’ij{y,Vu)dx,jT - gu{y,u)(p = 0 in G, 

(5.6) with dvP = 0 on 9^6, 
where we recall that X = {x, y) G ]R"+^. 

Proof. We use Lemma 1??^ Indeed, by taking C supported inside C, we obtain ()5.5F 
By taking C supported near any given point of 9 lC, we conclude that also (lOl) 
holds. □ 


With this, we are in the position of obtaining a strict sign for nonnegative mini¬ 
mizers, up to the boundary, in the spirit of a strict comparison principle, according 
to the following result: 
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Corollary 5.4. Assume that I (ip) < 0 for (p & A* A C^(G) fl x [a,/3]), for 
any /3 > a > 0. Assume in addition that ip{x,y) ^ 0 for any {x,y) € C. 

Then either ip(x, y) > 0 for any x € fl and y > 0, or (p{x, y) = 0 for any x € 
and any y > 0. 

Proof. Suppose that p>{xo,yo) = 0 for some Xo S dfl and yo > 0. Then, we 
look at the equation satisfied by (p in where is a smooth domain that 

contains fl x (a,/3) and is contained in n x (a/2,/3) with Q < a < yo < j3. Indeed, 
we define 

M := sup \guiy,u{x,y))\ < + 00 , 

(x,y)enc,,i3 

aijix,y) := 'B^j{y,Vu{x,y)), 

n+1 

bj{x,y) :='^dxi'Bij{y,Wu{x,y)) 
c{x, y) := -M - gu{y, u{x, y)). 

Notice that c ^ 0 and Oij defines an elliptic matrix on 17 x (a, /3), for fixed a and /3, 
thanks to Lemma [2T3l Moreover, by (ESI) 

n+1 n+1 

^ bjdxj>p + cp = -Mip < 0. 

*j=i i=i 

Notice that a^, bj, c G C'(17q,_/ 3), thanks to (11.51) . Also, we have that ip attains 
its minimum in at {xo,yo)- As a consequence, by the Hopf Lemma (see e.g. 
Corollary 1.6 in Chapter 2 of m). either p vanishes identically in 17 q,,/ 3 or 0 
dup{Xo,yo)- The latter possibility cannot hold, in light of (15.6|) . and therefore p 
must, in this case, vanish identically in the domain Ha,/?- Since a can be taken as 
close to 0 as we wish and /3 can be taken arbitrarily large, this implies that p must 
vanish everywhere in 17 x (0, +oo). □ 

As a matter of fact, we can strengthen Corollary 15.41 by removing the sign as¬ 
sumption on p. Namely, we have that: 

Proposition 5.5. Assume that I{p) ^ 0 for p € A* A C^(C) (d C^(17 x [a, /3]), for 
any /3 > a > 0. Then, one and only one of these three possibilities holds true: 

• p{x, y) > 0 for any a; G 17 and y > 0, 

• p{x, y) < 0 for any a; G 17 and y > 0, 

• p{x, y) = 0 for any a; G 17 and any y > 0. 

Proof. We claim that 

(5.7) either ^ 0 or ^ 0 in 6. 

To prove this, we consider p^ := max{(/j,0} and p~ max{—1/5,0}. We observe 
that p^ G A*. Thus, by Lemma E2l 

[ (®(y,Vu) V+, V+) + f gu{y,u){p^)^ - f /'(m) (+)^ 

Je JG JobG 

= f (®(y, Vu) V(/?, V+) + [ gu{y,u)pp^- [ f'iu)pp^ =0. 

JG JG JObG 
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Hence, using again Lemma [521 we have that, for any ( G C^(G), 

f (^(y, Vm) VC) + f guiy,u)ip^ C = 0. 

Jg Jg 

Therefore, the function (p^ is a weak solution to 

div(®(y, Vu)V(/7=^) = 5„(j/, u)ip^ in 6, 

according to the notation of Chapter 8 in m (in particular, formula (8.5) there is 
a consequence of Lemma E751 here and formula (8.6) applies here with 6® := c* := 0 
and d := gu{-,u)). Consequently, by Theorem 8.20 in [T3], for any point Xo G G 
and any R> 0 such that i?4/{(Xo) C 6 , 

sup ^ Cr inf 

Bn{Xo) 

for some Cr > 0. This implies that if vanishes somewhere in 6, then it must 
vanish identically in 6, thus completing the proof of (E3. 

Thanks to (15.71) we can now exploit Corollary [5)1] (applying this to if <^5 ^ 0 or 
to —p if ^ 0). From this, we obtain the desired result. □ 


With this preparatory work, we are now in the position of finishing the proof of 
Theorem 11.31 


Completion of the proof of Theorem \1.3[ By (jl.5l) and the integrability assumption 
(I1.13|) . we have that Ux^ G A* for every j = 1,..., n. Thus, by Lemma [5Tl we have 
that I{uxj) ^ 0. On the other hand, using Corollary [221 and Lemma [2.11 



a{y, |Vm|) (Vm • d^{Vu)) < 0, 


so that necessarily I{uxf) = 0 for any j = 1,... ,n. Therefore, by Proposition 15.51 
we deduce that either Uxj never vanishes in O x (0, +oo), or Ux^ vanishes identically 
in G. But the first possibility cannot occur: to see this, let us slide a hyperplane 
normal to Cj till it touches did at some point Xj. 

By construction, the normal of dil at x* is ej, hence the homogeneous Neumann 
condition d,jU = 0 on d^G implies that 0 = d^u{x*,l) = Uxj{x*,l)- This shows 
that the first above-mentioned possibility cannot occur, and as a consequence Uxj 
vanishes identically in G. Since this is valid for any j = 1,..., n, this implies that u 
does not depend on x. □ 


6. Classification of stable solutions for convex/concave 
NONLINEARITIES: PROOF OF THEOREMS 11.41 

We now address the case in which / satisfies suitable convexity or concavity 
assumption. In this setting, we need some preliminary work in order to detect the 
sign of the nonlinearity at the maximum or at the minimum. We stress that, in 
this section, we always suppose that u is a bounded stable solution to cm, and 
that assumptions (11.151) and (11.161) are in force. 








26 


S. DIPIERRO, N. SOAVE, AND E. VALDINOCI 


6.1. Detecting the sign of the nonlinearity. A classical tool in partial differ¬ 
ential equations is the use of various forms of maximum and comparison principles 
in order to check the sign of the nonlinearities at the points in which solutions of 
elliptic equations attain their extremal values. In our setting, we adapt these type 
of strategies, with the aim of detecting the sign of / at the extremal values for 
solutions of the reaction-diffusion equation (HD. This goal will be accomplished 
in Corollary 16.21 For this, we need an auxiliary result, which locates the extremal 
values at the bottom boundary of the domain. 

Lemma 6.1. Let v{x) := u{x,0). Then 

minn(a;) = inf u(x,y). 
xen (a;.y)Ge 

Proof. We argue by contradiction and we suppose that 

6+ := min'(;(a;) > inf u(x,y) = 6_. 
xGO (a:,y)Ge 

As a consequence, there exists 


( 6 . 1 ) 


( 6 -, 6 +). 


We define w[x, y) := (£ — u{x, y))"*", and we observe that 

0 ^ w ^ £ — inf u(x, y) < b+ — b-, 
{x,y)&e 

so that w G We claim that 


(6.2) {u < £} C fl X (0, -l-oo) w = 0 on ObG- 


To prove this, suppose by contradiction, that there exists a sequence {xk,yk) G 
{m < £} with j/fe —>■ 0 as fc —>■ -l-oo. Then, up to subsequence, we have that Xk ^ Xo, 
for some Xo G O, and by the continuity of u (recall (ll.5p i 


£ ^ lim u(xk,yk) = u{xo,0) = v(Xo) ^ minu(a;) = 6+. 

k—>--\-oo 


This is in contradiction with (16.11) , and hence it proves (16.2p . 

Now we take a smooth function tr : [0, -boo) —[0,1] such that = 1 in [0, i?], 
r/i = 0 in [2i?,-boo) and |r^| ^ 10/i?. We use (j 1.711 with ip := wtr (notice that 
such function lies in A, thanks to (ll.5p h in this way, and recalling (11.1511 and (16.2p . 
we obtain that 


(6.3) 



a{y, |Vu|)Vu - Vwtr + 


L 


a{y, |Vm|) Vm • Vtr w 



e 


a(y, |Vm|) |Vwp Tfi-b / a{y,\\7u\)Vu ■ Vtrw. 


e 


Now we use the positivity of a and the boundedness of w to see that 
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and this quantity is infinitesimal as i? —^ +c», thanks to (11.161) . Using this and 
the Dominated Convergence Theorem, we can pass to the limit into formula (16.3p . 
obtaining 

0^ - / a(y,|VM|)|Vn;|2. 

Je 

This implies that Vui vanishes identically, and so w is constant. Thus, recall¬ 
ing (16.21) . we conclude that w vanishes identically, and therefore u{x,y) ^ £ for 
any {x,y) G 6. Accordingly, we have that &_ ^ £, in contradiction with (16.11) . □ 

Corollary 6.2. Under the previous notation, let 

c:=mini;(x)= inf u{x,y). 
xGO {x,y)&e 

Then /(c) ^ 0. 

Proof. Let a:* G D be a minimum point for v, and let us assume by contradiction 
that /(c) > 0. By continuity (see (11.161) 1. there exists j/* > 0 such that 

/(c) 


a{y, |Vu(a;*, j/)|) dyu{x^,y) ^ -- 


for all ye (0,?/*]. 


Since a{y, t) > 0 for any y > 0 and < ^ 0, for every y G (0, y*] 

/(c) 1 


dyu[Xi,,y) ^ -- 


2 a(y, |Vu(x*,y)|) 


Hence, for any yo G (O, 

/ y* 

dyu{Xi,,y) dy 
/(c) n* dy 


€ -- 


a(y, |V'u(a:*,y)|) 


< - 


/(c) 


dy 


./2 a(y, |V'u(a:*,y)|) 


=: -K 


and 6* > 0. Taking the limit as yo —>■ 0, we infer that 

inf u{x,y) - mini;(a:) < M(x*,y*) - i;(a;*) = u(a:*,y*) - M(a;*,0) < -&* 
U.y)ee xgQ 

in contradiction with Lemma 16.11 


_ □ 

6.2. Classification of stable solutions in the case of convex/concave non- 
linearities and end of the proof of Theorem 11.41 With the previous prelim¬ 
inary work, we are now in the position of completing the proof of Theorem 11.41 
The proof will borrow an idea of [7] , that is to test the equation against a vertical 
translation of the solution (in this way, comparing the equation with the linearized 
equation, the nonlinearity is compared with its derivative, hence convexity comes 
naturally into play). 


Completion of the proof of Theorem [m We suppose that / is convex. 
For any ip e A, we define 

at{y, |Vu|) 

/e 

By (HSl), 




(6.4) (®(y, Vn)V^, V^) = a(y, \Vu\) |V^|' 


Qt(y. |V^I) 

|Vw| 


{\7u-\7(py 
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Accordingly, and being g = 0, the stability of u implies that 


(6.5) 


f a{y, |VM|)|Vv5p - J{^)- f f{u)(p^ = I{y>) > 0, 
Je jObG 


for any ip ^ A. Let c := infe m, and let us consider a smooth function : [0, +oo) —>■ 
[0,1] such that r/j = 1 in [0, i?], t/j = 0 in [2i?, +oo) and |r^| < 10/i?. We exploit 
first (j6.5p with (p{x,y) := (u{x,y) — c) Tfi{y), and we obtain that 

( 6 . 6 ) 

0^ [ a(2/JVu|) |Vwpr| + [ a{y,\V u\)\V {u - cf 
Je Je 

+ 2 f a{y,\Vu\){u- c)trVu-Vtr- J[{u- c)tr) - ( f{u){u-cf‘. 

Je JobS 

Now we useQ (jl.7ll with p := (u(x, y) — c )'rUy)- 


(6.7) 


0= / a{y,\Vu\)\Vuf Tr + 2 / a{y,\Vu\) {u - c) trVu ■ Vtr 

Je Je 


( 6 . 8 ) 


- / fiu)iu-c). 

JObE 

Subtracting (16.7p from (|6.6I) . we obtain 

0 ^ / a{y,\Vu\)\VTR\^ {u-c)^ - J{{u- c)tr) 

Je 

-f (/'(m)(c-u)+/(m)) (c-u). 

JBbE 

Now we use the convexity of / to see that 

/(m) + f'{u) {c-u) ^ /(c). 

Since / is strictly convex, the inequality is strict provided {u ^ c} 0. Moreover, 
by Corollary 16.21 we know that c, therefore 

(6.9) (/(u) + f'{u) (c - u)) {c-u)'^ /(c) (c - u), 

with strict inequality if {u c} 0. 

We also observe that, by (I1.15L —J{{u — c)tr) < 0. Plugging this and (16.9p into 
P, we conclude that 

/ a(y, |Vu|)|VTflp('u-c)^- [ /(c) (c-u), 

Je JdsE 

with strict inequality ii dsCUlu ^ c} ^ 0. The previous inequality is satisfied for 
every R > 0. Passing to the limit as i? —>■ +c», we have 
( 6 . 11 ) 

0 ^ lim [ a(?/, |Vu|) (it - c)^ < lim ^ [ a(y, |Vm|) = 0, 

R^+ooJq R^+od H Jcix{R,2R) 

thanks to (11.161) . the boundedness of it, and our choice of tr. Coming back to 
(16.101) . this gives 

0 / /(c) (it - c) 

JObE 


( 6 . 10 ) 


^As a curiosity, we stress that the choice of the test function exploited to obtain II6.6II is not 
the same as the one exploited to obtain (|6.7|l . 
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with strict inequality if {u ^ c} 0. But recalling that /(c) ^ 0 and u ^ c in C, 
thanks to Corollary 16.21 we have that the right hand side is nonpositive, so that the 
previous inequality cannot be strict; hence {u ^ c} n ObC = 0, i-e. u is constant 
on ObG- 

To complete the proof, we come back to (1671) . Using the fact that u = c on ObG, 
the last integral there vanishes, so that 

(6.12) 0 = / a(2/, |Vu|) iVnpTfl + 2 / a(y, |Vm|) (u - c)TflVu • VTfl 

7e Jg 

for every R > 0. Moreover 


/ a{y,\\7u\){u- c)tr\7u-\7th 

— 

/ a{y,\\7u\){u- c)tr\7u-\7tr 

Je 


JQx{R,2R) 


[ a( 2 /> Vm|)|VuP + i / a{y,\\7u\){u-cflVTnl'^ ^ 0 

^ Jnx(R, 2 R) ^ Jnx(R, 2 R) 


as i? —> + 00 , where we used the first integrability assumption in (11.161) and (16.111) . 
Therefore, passing to the limit as i? —>■ +oo into (I6.12|) , we deduce by the Monotone 
Convergence Theorem that 

[ a(2/,|VM|)|Vu|2=0, 

Je 

i.e. u is constant in the whole C. □ 

7. Application to nonlocal problems with Neumann boundary 

CONDITIONS 

Before proceeding with the proofs of Theorems 11.51 and 11.61 we observe that, if 
i; is a solution to (I1.18L then its extension u satisfies the integrability condition 

dm. 

Lemma 7.1. Let v € C'^{Ll) be a solution of (I1.18|) . Let u be the extension of v. 
Then, u satisfies (|1.13|1 with a = 1 and g = 0. 

Proof. First of all, we show that, for any /3 S (O, there exists K{fi) G N such 
that, for any k gN with k ^ K{l3), we have 

(7.1) \k > 

where the A^’s are the eigenvalues of —A in 12 with homogeneous Neumann con¬ 
dition. To prove this, we argue by contradiction and assume that there exists a 
sequence kj such that Xk^ ^ k^ ■ We denote by N(A) the number of eigenvalues 
which are strictly smaller than A^. Then, since 

Ai ^ ... ^ Afc, < fcf, 

we have that 

(7.2) N{kf)^k,. 

On the other hand, by the Weyl Asymptotic Formula (see e.g. [20]), we have that 
N{A) = C*A" -k o(A’^) < 2C*A”, 
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as A —>• + 00 , for some C* > 0. So, taking A := kf , we have that 


7V(fc; ) < 2afc/ , 

as j —>■ + 00 . By comparing this with (EH), we obtain that kj < 2(7* , as j 

+ 00 . That is, 


1 ^ 2(7* lim kj^ ^ = 0. 


^—>•+00 

This is a contradiction, and so (EID is proved. 

Now we define h{x) := f{v{x)). We also set 

hk ■= / h{x)ipk{x)dx. 

Jn 

We remark that d^h = f'{v)d,^v = 0 along dil. Therefore 
-\khk = -Xk / hipk= / hl^ifk 

Ja Jn 

= / Ah (fik — div + div [h\7(pk) dx = / Ahipk- 

Jn Jn 

Since / is (7^, then so is /i, and thus we find that 

(7.3) A/c |/ife| ^ ||/i||c2(n) [ 

Jn 

for some (7 > 0. 

Now we remark that u can be written as 

+ 00 

u{x, y) = '^hk (pk{x) 




So, if we set 


u{x,y) := u{x,y) - ho(po{x) = u{x,y) - 


VW\’ 


we obtain that, for any j/ ^ 2, 


+ CXD 


\uix,y)\ ^ '^\hk\\ipkix)\e 

k^l 

rr- 

< e ~ ^\hk\\(fik{x)\e~ 


/^y 


k—1 

thanks to (1731) . Now we claim that 

(7.4) ||‘/?fc||L“(n) ^ Cl A^^ 

for some Ci, C 2 > 0. To prove this, we use a Moser iteration method. Namely, 
observe that, for d ^ 0, testing the eigenvalue equation against , we have 


1+S 




l+i 
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Therefore, by the Sobolev embedding, 


^ Afc / iff. 

Jn 


2+6 


l+(5 ^ f 2. 1+1) 

(i + 2 ) 

with 2* > 2 and S' > 0. 

Therefore, we can choose the recursive sequence ■= 0 and Sj+i := 2, — 2 + ^(5j, 
and we remark that (2 + 6j+i)-^ = 2 + Sj, so we obtain 


ll‘/2fe||/,2 + '53 + l(Q) ^ 

This gives that 

||V^fc||^2 + '53 + l(f2) ^ 




Afc 


1 + S 


\W 


fcllL^+b(n)- 


n 

2 = 0 


= exp 


^ exp 


(1 + ^ 

l + <5, S 


li^O 


(1 + Afc 


+ 00 

E 

i=0 


log 




l+5i 


1 + S^ s 


log^ 


2 -\- 5i 2 -\- 5i 


Since 5i ^ ^ (2» — 2) for any i G N, we conclude that 

exp[C'(l+ logAfc)] ^CiA^^, 

for some C, Ci, C 2 > 0. Then, we send j —>■ +00 and we obtain (TTil) . 

Therefore, up to renaming the constants, we conclude that, for any y ^ 2, 


\u{x,y)\^Ce 2 


/\— ~l“00 


fe=l 


c-ig-v^ < Ce 




where the latter inequality is a consequence of (17.111 (and of the fact that the 
exponential decays faster than any power). Since u is harmonic, by elliptic estimates 


we find that also the derivatives of u (and so of u) are bounded by Ce 
any y > 3. From this, one obtains p.l3|) . 




for 

□ 


Proof of Theorems \1.5\ and \l.(k Let v G iL^/^(n) n L°°{Vl) be a solution to (11.181) . 
Then, by [30], v is the trace on 11 x {0} of a weak solution u G 1K((2) to p.l9l) : 

{ Au = 0 in e 

d^u = 0 on OlG 

—dyU = f{u) on duG. 

Moreover, arguing as in Theorem 3.5-part 4 in [30] (recalling that / G C'^’“(M) 
and fl is of class C"*’“, and using higher order Schauder estimates), one sees that 
u G C^’°‘{G.). Thus, Lemma [7.11 implies that (11.131) is satisfied, and hence u is a 
classical, stable solution of (I1.19L and satisfies all the assumntions in ([E3. 
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As a consequence, if is convex we are in position to apply Theorem 11.31 de¬ 
ducing that u depends only on y. Therefore, v = u(-,0) has to be constant. 

On the other hand, if / is either strictly convex, or strictly concave. Theorem 
11.41 implies in the same way that v is constant. □ 


8. A COUNTEREXAMPLE 


Now we prove the statement given in Example 11.71 


Proof of Example [13 We let e G (0,1) and h, G C'^(R) be such that hf{x) = h{x) 
for any x G [—1,1], h,(x) = 2x if lx] G [l + IJ; 1 + ff]i and = —2x if |a:| G 

[1 + ff>l + Til- 

Then, by Theorem 1.1 in i, there exists v G C'^((— 2,2))n C'(R) which is 
compactly supported, such that {—AYv = 0 in (—2,2) and ||u — hY\c^{{- 2 , 2 )) ^ £• 
In particular, 

||u - /i||c=((-i,i)) = Ik - /i*||c2((-i,i)) ^ e- 
Moreover, if a: G [l -I- 1 -b ff], we have that 

v'{x) > K{x) - Ik - /l,||ci((- 2 , 2 )) ^ 2 - ||u - /i,||c 2 ((_ 2 . 2 )) > 1- 
Similarly, if a; G [l -b ff, 1 -b yf], we have that v'{x) ^ —1. 

As a consequence, there exist di, ^2 G such that u'(—l — di) = w'(l+^ 2 ) = 

0. In particular, for any x G { — I — di, 1 -b ^ 2 }, 


lim 

y£{-l-Si,l+S2) 

y^x 

Then, v satisfies the desired result. 


v{x) - v{y) 
\x - y|® 


= 0 . 


□ 
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